Group Structure of an Extended Lorentz Group 



James Lindesay* 



Abstract 

In a previous paper we extended the Lorentz group to include a set of Dime boosts that give a 
direct correspondence with a set of generators which for spin 1/2 systems are proportional to the Dirac 
matrices. The group is particularly useful for developing general linear wave equations beyond spin 
1/2 systems. In this paper we develop explicit group properties of this extended Lorentz group to 
obtain group parameters that will be useful for physical calculations for systems which might manifest 
the group properties. This group is a subgroup of an extended Poincare group, whose structure will 
be developed in a subsequent paper. 
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1 Introduction 



When developing general, non-perturbative models for physical systems that satisfy the expected gen- 
eral cluster decomposition properties for a multiparticle system, one finds it particularly useful to have 
fields whose energy-momentum equations satisfy linear dispersions in the manner of the Dirac equationpp. 
In previous papers0|^ we have developed a set of group generators that satisfy this criterion. In partic- 
ular, we demonstrated the Dirac matrices as proportional to the A = i representation of the group, as 
well as explicitly demonstrated the A = 1 representation of the group. 

In this paper, we will develop the group structure elements for the extended Lorentz group developed 
in reference!^. In a subsequent paper, we will develop the group structure elements for the extended 
Poincare group developed in referenceI3I. The particular representation being developed as the covering 
group will be seen to be a subgroup of SL(4,C). We will explicitly calculate those group structure elements 
that will be relavant for calculations involving systems which have the extended Lorentz group as a local 
gauge symmetry. 

2 Group Theoretic Conventions 

In order to establish our conventions, we will briefly define the group parameters that will be calculated 
in this paper. In terms of the group elements M, a vector representation S satisfies 

SiM2)SiMi) = S{^{M2;Mi)) (2.1) 

where ^{A42', -Mi) is the group composition rule. The generators of infinitesimal transformations are 
given by 



M=I 



Lie structure matrices can be defined by 



dM"' 

from which one can obtain the group structure constants 

d 



M'=T 



:®n{M) 



(2.2) 



(2.3) 



(2.4) 



M=I 



for the Lie algebra 

[X„X,] - -iCX™. (2.5) 
The generators transform under the representations of the group as given by the relation 

S{M-^)lLrS{M) = 0^(M)X, (2.6) 
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where the matrices given by 

(2.7) 



form a fundamental representation of the group. 

We will ultimately want to examine the behavior of systems which have a local gauge symmetry under 
the group being examined. This means that we should examine derivatives of the representations. The 
relation 

e^,{M)g^S{M) = tXrS{M) (2.8) 

follows directly from Equations 12.11 and 12.21 This means that if we want to construct a gauge covariant 
derivative = 19^ — iA^^ under the transformation S using a gauge field A^, then the gauge field 
will have a component satisfying^ 

(2.9) 

Under an infinitesimal gauge transformation, the gauge field then transforms in the usual manner 

SAl^^, d.iSM'') - SM^cl^A^. (2.10) 

We will therefore calculate the group matrix elements and that determine the transformation 
properties of generators and gauge fields for this group. In subsequent papers, these elements will be used 
in calculations involving dynamical models for physical systems. 

3 Lorentz Group Structure 

The Lorentz group is a subgroup of the extended Lorentz group being developed. We will first construct 
the desired elements for the Lorentz group. 

3.1 Pure Rotation Subgroup 

The rotation subgroup representation is given by 

R(^2)R(^i) = R(^(fl)(^2;^i)) (3.1) 

in terms of the group composition element ^(^)(^2!Si)- The inverse element is given by {0^^ = {^Q}- 

We can determine the group structure of the fundamental representation in a straightforward manner. 
For SU(2) we can explicitly write the representation in the form 

R(^) = = 1 cos(^) + i9 -astni^) (3.2) 
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(3.3) 



(3.4) 



The SU(2) composition rule satisfies 

cos(^i^^i%^) = cos{^)cos{^) - §2 ■ 0ism(f )szn(f ) 

= e2Sin{f)cos{^) + §icos{^)sin{^) + 92xeisin{f)sin{^) 
By direct substitution, Equation 13 . 21 gives the fundamental representation: 

&j::{0,0) = cos{0)6k^„^ + (1 - cos(0))0fe^„ + szn(0)0je,fe„ 

©^r©'^) = COs(0)4,m + (l-COs(0))40m + Sm(0)^,ejfc™ 

The Lie structure matrices can be calculated using Equation 13. 31 by examining infinitesimal 

ei'^'^'m = Sr^s + Y^krs + (^C0<(^) - 1^ (5,,, - 9 J,) (3.5) 

3.2 Lorentz Boosts 

In general, sequential pure Lorentz boosts can be written in terms of a single pure Lorentz boost and 
a pure rotation: 

L(w2)L(Mi) EE L(U(i)(u2; Ui))R(^(L)(w2; ^ii)) (3-6) 

The composition rule for the covering group SL(2,C) representation can be expressed 

= eM/"^ ^ lcosh{^) + ^ ■ asinh{^). (3.7) 



Defining the four-velocity u using = \/i + jup — cosh{0) and u = j3sinh[3, the Lorentz boost takes 
the form 

Uu) = ]l^^l + ]I^Y^u-a (3.8) 
The composition rule for pure boosts satisfies 

^V)(^2;?ii) = 1^ 



(^"(L)(w2;^i)cos(-^) - ■u(l)(w2;mi) X 6'(i)sm(-^) 



"2 

3.3 General Lorentz Transformations 

Lorentz boosts and rotations form a group of transformations whose representation will be given by 
the convention C{u,6) = L(m)R(^). The group composition behavior is given by 

^u2,02)£{u^,9l) = L (u(i)(w2;^(^2hi)) R(^(fl)(^(L)(ii2;^(^2hi);^(ii)(^2;^i))) • (s.io) 
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The inverse element of this representation of the Lorentz group satisfies 

{u,iy^ = {-R{~i)u,-0} 
The fundamental representation matrix elements can be constructed using Equation 

©^r^^'^^) = U°4,m + (1 - W°)MfeWm 

The general matrix is then constructed from a rotation and sequential boost using 
In addition, the Lie structure matrices can be shown to be given by 



(3.11) 



to obtain 



(3.12) 



(3.13) 



(3.14) 



To complete this section, we will establish our convention for the Lorentz transformation matrices on 
four-vectors. Define TZ"!^ and Cj^ which act on (covariant) 4-vectors according to A'j^uj^ — uj'^ 

n^{&) - cos{9)5k,m + {l-cos{6))0ke,n + sin[e)e,ejk„^ 

Km = 1 



'C™(w) = 4,m - (1 - u")ukU„i 
The form of the infinitesimal 4-Lorentz generators 



(3.15) 



1=0 



tt=0 



(3.16) 



has non- vanishing elements given by 

(3.17) 



4 Extended Lorentz Group Structure 

The primary purpose of this paper is the development of the group structure for the extended Lorentz 
group developed in a previous paper|2. The covering group will be developed as a subgroup of SL(4,C). 

4.1 Form of A = | Matrices 

The forms of the lowest dimensional matrices of the extended Lorentz group corresponding to A = i 
can be expressed in terms of the Pauli spin matrices as shown below: 

The matrices can directly be seen to be proportional to a representation of the Dirac matricesmHl . 

4.2 Dirac Boosts 

Group transformations parameterized by elements uj conjugate to the generators will be referred 
to as pure Dirac boosts. In general, sequential pure Dirac boosts can be written in terms of a single pure 
Dirac boost, a pure Lorentz boost, and a pure rotation: 

W{uj2)W{i3i) = W(cj(B)(w2; '^i))L(u(^)((I;2; wi))R(£(£,)(a;2; wi)). (4.2) 

To develop the composition rules for the lowest dimensional representation, the four-vector magnitude 
and direction will be expressed 



LU — \/—UJ ■ Co 

(4.3) 

LO — Loq. 

This allows the Dirac representation to be expressed in terms of the Dirac matrices in the form 

lcosh{j) + iq ■ jsinh{j) q-q = +l 

l + iLo-j/2 u-uj ^0 (4.4) 

lcos{j) + iq ■ jsin{j) q ■ q — —1 



For this representation, the composition elements satisfy 



cos(^) cos{^) = cos{^)cos{^) + q2-qisin{^)sin{^), 



cosC-^)^P^cos^ . 

sin{- 



sin[^) ^/%±r 9(^)0 + sinC-^) ,J^^ cos{^) q_^^^ ■ U(o) + 
-sin(^)\J ^^''l ^ sin{^){e(^D) x • u^d) = q2Qsin{!^)cos{^) + qiocos{^)sin{^), 

sini^)^f^cosC-i^)q_^^^+sin{^)^f^cosC-i^) 
q^sin{f)cos{^) + q^cos{^)sin{^) 



(4.5) 



with constraints given by 



U{D) ■ d(D) = 

liD) ■ = 

_^ (4.6) 



As was done for the Lorentz group, the fundamental representation matrix elements can be constructed 
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using Eauation l2.6l to obtain 

0j:('^,O,O) = (l + M2(l-cosH))4,s-gfcgs(l-cos(a;)) 



^j^iuj,0,0) = qaQjil- cos{uj))ejks 
0l7l('^,O,O) = 

= qaqjil - cos{uj))ejks 
0^;('^,O,O) = {cos{uj)-\q\^{l-cos{uj)))Sk,s+qkqs{l~cos{uj)) 

pO 

0ifj^('^,Q,O) = -qksin{uj) 

©ro(w,Q,0) = 
@ro°('^>Q,0) = 

0ro('^,O,O) = {I + \q\^l - cos{uj))) 
0ro(a;,O,O) = qoqs{l - cos{uj)) 
0pfc(a;,O,O) = -qjsin{uj)ejks 
@pfc (63,0,0) = qQsin{uj)5k^s 



(4.7) 



@rfc('^jQ,0) = -qoqs{l ~ cos{uo)) 

@pfc(a;,0,0) = cos(tj))4, s - gfe<Zs(l - cos(w)) 
The non- vanishing Lie structure matrices are given by 

{uj) = ejkmqmtan{j) 

0i^^"^((:3) = -(7,tan(|) 

0i^^"'('3) = Sj,kqQtan{j) 

0L^)"''(c3) = |coi(f)<5^ - (l-|cot(f)) q^q^ 

4.3 Lorentz Transformations on Dirac Boosts 

We next examine the effect of Lorentz transformations on the Dirac boosts. Utihzing the Equation 
for this representation, we can read off various elements of the fundamental representation. For pure 



(4.8) 



rotations 

0jr(O'Q'^) = cos{9)6k,m + {I - cos{9))§ke„, + sin{9)§jejkm 

(0' 0. i) = C0s{e)5k,m + (1 - C0s{e))ek6m + Sin{e)§j€jkm (4.9) 

(0,0,0 = TZ-^.H) 
and for pure Lorentz boosts 

^jr(0,«,0) = u'^Sk,m + {I - U°)UkUm 

©Jj"(0,w,0) = -ujekjm 

©k';(0,w,Q) = Ujekjm ■ (4.10) 

©Kr(O'^'S) = U°Sk,m + - U°)ukUm 



9^;(o,«,o) = £;:(u) 

The general fundamental transformation matrix is then given by 

^t{^,u,e) = ©?(cJ,0,0)@™(0,«, 0)0^(0,0,0. (4.11) 
4.4 Extended Group Transformations 

To complete our description of the group structure of this extended Lorentz group, we will explicitly 
demonstrate the group composition rule and Lie structure elements of the complete group. The represen- 
tation we develop will be constructed by sequential pure rotation, Lorentz boost, and Dirac boost: 

M{oj,u,e) = W(u;)L(w)R(0 (4.12) 

The group composition rule then defines elements in this same manner 

M((:;2,2i2>^2)M((I;i,Mi,^i) = 

W(a;(w2, "2.^2 ; '^I'^il'^l)) L(w('^2, "2.^2 ; '^l;iil>^l))R(^('^2,M^ 

The inverse element can be shown to be given by 

= {-Tli-0)C{-u)uj,-R{-e)u,-e} (4.14) 

where (AcD)^ — A'^ui^. The group composition elements can be expressed using previously constructed 
functions in terms of pure boosts and rotations: 

W(W2,U2'^2 ; ^l^lklAl) = 

'Ml{L) {iL{D) ('^2 ; ^(W2)^(^2)'^l) ; T^{l{D) {^2 ; ^(M2)^(^2)'^i)):M(L) (M2 ; T^{i.2)uS) (4.15) 
i{C02,U2,i.2 ; Wl,Ui,^i) = 

1{R) {i{D) ('^2 ; C{U2)'^{i.2)'^l) ; l(R) (i(L) {^2 ! ^(^2)^^l) I 1{R) 
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4.5 Lie Structure Elements 

Finally, we can use the composition rules given in Equation 14. 151 along with the definition given in 
Equation 1^21 to explicitly develop the Lie structure matrices 

eu;(tD,u,0) = {ICjf^u;^ 

®l^i^,u,0) = ©l^)"'=(^i) (4.16) 

®g^{i3,u,e) = iJ,)l Us 

@t i^, u, 0) = ©if ^ (uj) ©if ^ " (9) 

We will be able to utilize these matrices in general gauge transformations for systems which have a local 
gauge symmetry in this group. 

5 Conclusions 

We have demonstrated an explicit group representation of the extended Lorentz group developed in 
reference^]. The fundamental representation matrices can be seen to indeed form a group of transfor- 
mations. Lie structure matrices that are needed for the homogeneous part of transformation of gauge 
fields have also be explicitly calculated. Further group properties, such as vector recoupling coefficients to 
express combined systems in terms of combinations of irreducible components, will be left for subsequent 
study. 
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